







A free lattice fermion eld theory in 1+1 dimensions can be interpreted as SOS-
type model, whose spins are integer-valued. We point out that the relation between
these spins and the fermion eld is similar to the abelian bosonization relation between
bosons and fermions in the continuum. Though on the lattice the connected 2n-point
correlation functions of the integer-valued spins are not zero for any n  1, the two-
point correlation function of these spins is that of free bosons in the infrared. We also
conjecture the form of the Wess-Zumino-Witten chiral eld operator in a nonabelian
lattice fermion model. These constructions are similar in spirit to the \twistable string"
idea of Krammer and Nielsen.
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The observation that boson excitations exist in theories of fermions in one space and
one time dimension was rst made by Tomonaga [?]. Subsequent advances were made
for the Luttinger model [?] and the massive Thirring model [?].
The relation of the gradient of a one-component boson eld  and the current of a
one-flavor dirac fermion eld  is




where ;  = 0 is the time index and ;  = 1 is the space index. One can show that
the local commutation relations of the operators on each side of equation (1) are the
same. This relation is not easily generalized to the lattice where the algebra of the
local fermion currents does not close. In fact, one does not expect a precise lattice
analogue of (1). The best one can hope for is that a \good" set of mutually commuting
operators can be dened in a free lattice fermion theory. Such a set of operators would
be good in the sense that their correlation functions become those of free boson elds
in the infrared. In other words, the boson correlation functions should flow along
renormalization-group trajectories to the correlation functions of the gaussian model.






dz[ y(z) (z)] : ; (2)
where one boundary is at x = 0. The constant of integration is xed to zero by the
requirement that the vaccumm expectation value of  is zero. We will show that there
is a natural lattice analogue of (2).
A free lattice fermion eld theory in 1+1 dimensions can be interpreted as SOS-type
model, whose spins are integer-valued. We point out that the relation between these
spins and the fermion eld is similar to the bosonization relation between bosons and
fermions in the continuum. While the connected 2n-point correlation functions of the
integer-valued spins are not zero for any n  1, the two-point correlation function of
these spins is that of free bosons in the infrared. This supports the arguments of den
Nijs that in the massless phase, SOS-type models are described in the infrared by the
gaussian model [?].





















The XX chain can be viewed as a lattice model of free relativistic fermions. This




































which satisfy the local anticommutation relations
[yl ; l
]+ = ll
; [yl ; l
]+ = ll
; (6)with all other anticommutators equal to zero. It is easy to transform (3) into


















It is well known that the vaccum expectation value of zn vanishes [?]. We will show
that the natural choice of a lattice bosonic eld operator is similar, though not identical
to (7). Both operators become (2) in the continuum limit.











eigenvalues n of the hn are restricted by n+1 − n = 0;1, 0 = 0. The Hamiltonian












[hn ; hm] = h





m] = 0 : (10)
In the ground state of the XX chain, the magnetization is zero. Therefore it is clear
that the expectation value of hn is zero. One can imagine \coarse graining" the spin
congurations of the SOS model by some sort of renormalization procedure. Since the
model is known to be gapless, it is reasonable to conjecture that in the infrared the
height prole becomes a continuous function, described by a free massless boson eld
theory of a eld  which vanishes on the boundaries. One piece of supporting evidence
for this assertion is that the central charge of the conformally invariant critical theory
can be found by calulating the casimir energy (the connection between the two can be
found in [?]). The casimir energy turns out to be identical to that for free bosons with
dirichlet boundary conditions.
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In this letter we will show that this is indeed the case.












which implies the local anticommutation relations




m]+ = 0 ; (13)




cos k cy(k)c(k) ; (14)
where k = 
N+1

















sinnk cy(k) : (15)












) g |0> ; (16)where for any operator A, AH(t)  e−iHtAeiHt. In terms of the





















)-1] g |0> :(17)









We feel it is important to point out that while (1) is the correlation function of a
bosonic theory which becomes free in the infrared, the theory is not free on the lattice.

























; (18)where the minus sign results from fermi statistics and the standard fermion
propagator, G(k; t− t
); isgivenbyto G(k,t-t








Note that < 0jcy(k)c(k)j0 >= (− cos k) and < 0jc(k)cy(k)j0 >= (cos k) (this follows




sin kl sin k
l
P
l
=1n

sin kl
sin k
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